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Pion PDA

Phys.Lett. B731 (2014) 13-18. “Distribution amplitudes of light-quark mesons from lattice 
QCD”

Jorge Segovia, Lei Chang, Ian C. Cloët, Craig D. Roberts, Sebastian M. Schmidt, Hong-shi Zong

Precise agreement of DSE with lattice-QCD result (R. Arthur et al., Phys.Rev. D83 (2011) 074505).

A: DSE prediction
Phys.Rev.Lett. 110 (2013) 
no.13, 132001.

B: Infered PDA from lattice
Phys.Lett. B731 (2014) 13-18.

Dilation of the PDA is an effect of DCSB
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p0 TFF from Dyson-Schwinger equations
K. Raya, L. Chang, A. Bashir, J. J. Cobos-Martínez, L. X. Gutiérrez-Guerrero, C. D. Roberts, P. C. Tandy Phys.Rev. D93 (2016) no.7, 074017

CELLO data
CLEO data
BaBar data
Belle data

Lepage, Brodsky ‘80

Rainbow-ladder 
truncation + ERBL 
evolution of the p Bethe
-Salpeter amplitude

Without ERBL evolution
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Similar results in Kampf & Novotny 
Phys. Rev. D84 (2011), 014036

Roig & Sanz-Cillero PLB733 (2014) 158
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Quark Propagator

§  

K. Raya



Bethe-Salpeter equation

§ The two-particle bound state equation is the Bethe-Salpeter equation (BSE). It 
is written as:

§ The Interaction kernel, K(q,p;P), is related to the truncation of the gap 
equation via the axial vector Ward-Takahashi identity (Phys.Lett. B733 (2014) 
202-208, Qin et al.): 

§ It implies:

§ This corresponds to the ladder truncation . Together with the rainbow 
truncation, it is called Rainbow-ladder truncation (RL).

K. Raya



•• Thus  Thus DCSBDCSB manifests itself not only in the quark manifests itself not only in the quark
  propagator but also the   propagator but also the quark-gluon vertexquark-gluon vertex..

The Quark-Gluon VThe Quark-Gluon Vertexertex  

•• Quark gluon vertex consists of  Quark gluon vertex consists of 12 linearly independent12 linearly independent
  Dirac structures.   Dirac structures. 
••  6 of these 12 structures6 of these 12 structures are generated dynamically in are generated dynamically in
  the chiral limit.   the chiral limit. 

•• In addition to the the  In addition to the the gluon propagatorgluon propagator, , quark-gluonquark-gluon
  vertex  vertex is another object which enters the quark SDE. is another object which enters the quark SDE.

A. Bashir



Pion PDA

Phys.Rev.Lett. 110 (2013) no.13, 132001 
“Imaging dynamical chiral symmetry breaking: pion wave function on the light front”
Lei Chang, Ian C. Cloët, J. Javier Cobos-Martinez, Craig D. Roberts, Sebastian. M. Schmidt, Peter. C. Tandy

DB

RL

CL

 

Dilation of the PDA is an effect of DCSB

K. Raya



Pion PDA

Evolution of PDA from a hadron scale towards its asymptotic form is 
logarithmically slow.

 

  CL

K. Raya



Heavy quarkonia PDAs

Phys.Lett. B753 (2016) 330-335
“Leading-twist parton distribution amplitudes of S-wave heavy-quarkonia”

Minghui Ding, Fei Gao, Lei Chang, Yu-Xin Liu, Craig D. Roberts

Unlike pion PDA, heavy quarkonia PDAs are narrow at real-life scales (=2 
GeV).

CL

31
K. Raya

h, h’ results not 
shown (preliminary)



Other PDA comparisons

K. Raya
Phys.Lett. B731 (2014) 13-18. “Distribution amplitudes of light-quark mesons from lattice 

QCD”
Jorge Segovia, Lei Chang, Ian C. Cloët, Craig D. Roberts, Sebastian M. Schmidt, Hong-shi Zong



 

§  

NRQCD result. Feng et al. 
Phys. Rev. Lett. 115, 222001 (2015)

Babar measurements: J.P. Lees et 
al. 

Phys.Rev. D81 (2010) 052010.

Phys.Rev. D95 (2017) no.7, 074014.
“Partonic structure of neutral pseudoscalars via two photon transition form factors”

K. R.K. R., M. Ding, A. Bashir, L. Chang, C.D. Roberts
K. Raya

h, h’ results not 
shown (preliminary)
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Perturbation theory integral representations (PTIRs)

§ The quark propagator may be expressed as:

§ The numerical solutions are parametrized in terms of N pairs of complex conjugate 
poles:

§ Constrained to the UV conditions of the free quark propagator form. For our 
computations, we found that N=2 is adequate.

§ Phys.Rev. D67 (2003) 054019. “Confinement phenomenology in the Bethe-Salpeter 
equation”

M. S. Bhagwat, M. A. Pichowsky, and P. C. Tandy
K. Raya
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Parton Distribution Amplitudes

K. Raya



Parton Distribution Amplitudes

K. Raya



Quark-photon vertex

§ We employ the ansätz explained in Phys.Rev.Lett. 111 (2013) no.14, 141802 , 
Phys.Rev. D93 (2016) no.7, 074017 and Phys.Rev. D95 (2017) no.7, 074014 

§ With the following definitions (m = meson mass):

§ The vertex ansätz is:

K. Raya

Axial anomaly



Quark-photon vertex

§  

K. Raya



Quark-photon vertex

§  

K. Raya



Phenomenology

Gauge
Covariance 

Lattice

Multiplicative
Renormalization

Perturbation
Theory

Quark-gluon 
vertex

The Quark-Gluon VThe Quark-Gluon Vertexertex

"Symmetry preserving truncations of the gap and "Symmetry preserving truncations of the gap and Bethe-Salpeter equationsBethe-Salpeter equations", ", 
D. Binosi, J. Papavassiliou, S-X Qin, C.D. Roberts,Phys. Rev. D93 096010 (2016).D. Binosi, J. Papavassiliou, S-X Qin, C.D. Roberts,Phys. Rev. D93 096010 (2016).

Solve the SDE

A. Bashir



Fortunately, both the Fortunately, both the quark-photonquark-photon & the  & the quark-gluonquark-gluon
vertices require the vertices require the same number of basis tensors same number of basis tensors forfor
their description. So a unified approach is possible.their description. So a unified approach is possible.

The Quark-Photon VThe Quark-Photon Vertexertex  
In studying the elastic or transition form factors ofIn studying the elastic or transition form factors of
hadrons, it is the photon which probes its constituents,hadrons, it is the photon which probes its constituents,
highlighting the importance of the highlighting the importance of the quark-photon vertexquark-photon vertex. . 

A. Bashir



p0 TFF from Dyson-Schwinger equations
Data 
generated 
by Khépani 
Raya from 
K. R. et. al.
Phys.Rev. 
D93 (2016) 
no.7, 
074017

P2
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How to parametrize DSE p0 TFF?
G(p0→gg) is well described by ABJ result: chiral corrections are small→

BL behaviour must be fulfilled:

The TFF must comply with the OPE constraints on <VVP>:

At external vertex

Bali et. al. Phys.Rev. D86 (2012) 094512
c = -(3.05 + 0.20) GeV-2 @ m=1 GeV

c=-(3.05 +     )GeV-2: m uncertainty0.20
1.00



How to parametrize DSE p0 TFF? (II)
In addition to the previous constraints (ABJ, BL, KN, NSVVZ), one also has the following ones:

Light-by-light scattering with one real photon has been studied by Melnikov & Vainshtein (Phys.Rev. D70 (2004) 113006).

In the limit                               it can be related to the (anomalous) amplitude

depending on two invariant functions that are fixed by ABJ

Finally, there is

c=-(3.05 +     )GeV-2: m uncertainty0.20
1.00
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How to parametrize DSE p0 TFF? (III)
There are many proposed models in the market. One needs LMD+V to comply with all constraints discussed before BUT BL’:

general P2

Jegerlehner & Nyffeler, Phys.Rept. 477 (2009) 1-110; Nyffeler, Phys.Rev. D79 (2009) 073012

Fully off-shell !!
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How to parametrize DSE p0 TFF? (III)
Jegerlehner & Nyffeler, Phys.Rept. 477 (2009) 1-110; Nyffeler, Phys.Rev. D79 (2009) 073012 Fully off-shell !!

ABJ:

BL:

0

h5 = 6 MV1
2 MV2

2 + dBL

PDG

h3 (h4) & h6 are still free parameters. We will fit dBL to DSE data in the region relevant for am (Qi
2 < 10 GeV2)

According to different estimates │h3│(│h4│) < 10 GeV & h6 < 10 GeV 

~7.7 GeV4

First Workshop of the Muon g-2 Theory Initiative    A. Bashir, K. Raya & PR: DSEs for a MI estimate?
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dBLMV2

1.440          -0.43(17)

1.465          -0.57(18)

1.490          -0.36(18)

We have evaluated am
p0-pole varying parameters in the ranges discussed previously

│h3│(│h4│) < 10 GeV & h6 < 10 GeV

c=-(3.05 +     )GeV-20.20
1.00

The only relevant variations are h3 (h4) & dBL

am
p0-pole = (6.26 + 0.08)10-10

Evaluation of am
p0-pole with DSE input

First Workshop of the Muon g-2 Theory Initiative    A. Bashir, K. Raya & PR: DSEs for a MI estimate?

In agreement with the 
trend shown by data 
(theory) below 10 GeV2
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Some caveats on Fischer, Goecke & Williams Eur.Phys.J. A47 (2011) 28; Phys.Rev. D83 (2011) 094006, 
Erratum: Phys.Rev. D86 (2012) 099901 & Phys.Rev. D87 (2013) no.3, 034013

First Workshop of the Muon g-2 Theory Initiative    A. Bashir, K. Raya & PR: DSEs for a MI estimate?

• Their off-shell prescription is based on an axial-vector WTI which holds only for the leading 
amplitude (Si-Xue Qin, Craig D. Roberts, S. M. Schmidt Phys.Lett. B733 (2014) 202-208)

• Use of PTIRs or extrapolations?

• Consistency with axial anomaly in the study of h/h’ TFFs?

• Use of phenomenology to constrain dressing functions?

• Double-counting? 

• …? 

https://indico.fnal.gov/conferenceDisplay.py?confId=13795

